Abstract. We study global log canonical thresholds of del Pezzo surfaces.
Example 1.8. Let X be a general intersection of hypersurfaces F 1 , . . . , F k in P n+k such that
and deg(F k ) 8, where deg(F k ) · · · deg(F 1 ) 2. Then lct(X) = 1 by [47] . Example 1.9. Let X be a quasismooth hypersurface in P(1, a 1 , . . . , a 4 ) of degree 4 i=1 a i having terminal singularities, where a 1 a 2 a 3 a 4 . Then there are exactly 95 possible values of the quadruple (a 1 , a 2 , a 3 , a 4 ) found in [24] and [28] . Suppose that a 1 , a 2 , a 3 , a 4 ∈ 1, 1, 1, 1 , 1, 1, 1, 2 , 1, 1, 2, 2 , 1, 1, 2, 3 and the hypersurface X is sufficiently general. Then lct(X) = 1 due to [8] .
The following result holds 3 (see [53] , [38] , [12] ).
Theorem 1.10. Suppose that X has at most quotient singularities, and the inequality lct X, G > n n + 1 holds. Then X has an orbifold Kähler-Einstein metric.
In this paper we prove the following result 4 . Theorem 1.11. Suppose that n = 2 and X is smooth. Then lct(X) = lct 1 (X).
The assertion of Theorem 1.11 implies the following result (see [39] ). Corollary 1.12. Suppose that n = 2 and X is smooth. Then
1/3 when X ∼ = F 1 or K 2 X ∈ {7, 9}, 1/2 when X ∼ = P 1 × P 1 or K 2 X ∈ {5, 6}, 2/3 when K 2 X = 4, 2/3 when X is a cubic in P 3 with an Eckardt point, 3/4 when X is a cubic in P 3 without Eckardt points, 3/4 when K 2 X = 2 and | − K X | has a tacnodal curve, 5/6 when K 2 X = 2 and | − K X | has no tacnodal curves, 5/6 when K 2 X = 1 and | − K X | has a cuspidal curve, 1 when K 2 X = 1 and | − K X | has no cuspidal curves. The following conjecture is inspired by Question 1 in [55] . Conjecture 1.13. There is m ∈ N such that lct(X, G) = lct m (X, G).
In this paper we prove the following result 6 (cf. [40] ).
Theorem 1.14. Suppose that n = 2 and X is smooth, but X is generic in moduli 7 . Then 3 The number lct(X, G) is an algebraic counterpart of the α-invariant introduced in [53] , which is defined with respect to an action of any compact not necessarily finite group (see [53] , [55] , [3] , [51] ). 4 Geiser involutions of cubic surfaces (see [36] , [37] ) play an important role in the proof of Theorem 1.11. 5 A point of a cubic surface is an Eckardt point if the cubic contains 3 lines passing through this point. 6 In the case when n = 2 and X is smooth, the group Aut(X) is finite if and only if K 2 X 5. 7 Smooth del Pezzo surface of degree 5 is unique up to an isomorphism.
It follows from [46] that the assertion of Theorem 1.14 can be used to study conjugacy classes of finite subgroups in higher-dimensional Cremona groups 8 (see Section 7).
Example 1.15. Let X be the Clebsch cubic surface in P 3 , which can be given by the equation (1.16) x 2 y + xz 2 + zt 2 + tx 2 = 0 ⊂ P 3 ∼ = Proj C[x, y, z, t] , and V be a smooth del Pezzo surface of degree 5. It is well known (see [21] , [48] ) that
there is a classical embedding A 5 ⊂ Aut(P 1 ), and there is an embedding A 5 ⊂ Aut P 2 ∼ = PGL 3, C induced by the classical three-dimensional representation of A 5 . Therefore, the diagonal actions of the group A 5 on the threefolds P 1 × P 2 , P 1 × X, P 1 × V induce three embedding
respectively. Then it follows from Theorem 7.8 and Lemmas 6.6, 7.4 and 7.5 that every two subgroups among Ω, Γ, Υ are not conjugated in Bir(P 3 ), because lct(P 1 , A 5 ) 2.
Example 1.17. Let X be the Fermat cubic surface. Then
Aut X ∼ = Z 3 3 ⋊ S 4 , and there is an embedding Aut(X) ⊂ Bir(P 4 ) induced by some birational map X × X P 4 , but Aut(X) is not conjugated to a subgroup of Aut(P 4 ) by Lemma 7.2 and Corollary 7.9.
It is possible to show that in the case when X is a smooth del Pezzo surface, there is a finite subgroup G ⊂ Aut(X) such that lct(X, G) > 2/3 unless X is one of the following surfaces:
• a cubic surface in P 3 having an Eckardt point;
• a blow up of P 2 at one or two points.
Example 1.18. Let X be a smooth del Pezzo surface such that K 6 X . Then there is a subgroup S 4 ⊂ Aut X such that S 4 -invariant subgroup of the group Pic(X) is Z. Then lct(X, S 4 ) = 1 by Lemma 8.4. Example 1.19. The simple group PGL(2, F 7 ) is a group of automorphisms of the quartic (1.20) x 3 y + y 3 z + z 3 x = 0 ⊂ P 2 ∼ = Proj C[x, y, z] , which induces PGL(2, F 7 ) ⊂ Aut(P 2 ). Then lct(P 2 , PGL(2, F 7 )) = 4/3 by Corollary 8.6.
The problem of the existence of a Kähler-Einstein metric on smooth del Pezzo surfaces has been completely solved in the papers [56] and [54] . We prove the following result. The existence of a Kähler-Einstein metric on X is studied in [14] , [35] , [27] , [34] , [19] in the case when n = 2 and K 2 X ∈ {2, 3, 4}, and X has at most Du Val singularities 9 .
8 Conjugacy classes of finite subgroups in Bir(P 2 ) are well studied (see [15] ). 9 It would be interesting to find examples of del Pezzo surfaces of degree 1 and 2 with Du Val singularities that do not have Kähler-Einstein metrics (cf. [14] , [27] , [34] ).
Del Pezzo surfaces of big degree.
Let X be a smooth del Pezzo surface. Then
Proof. Suppose that lct(X) < 1/3. Then there is an effective Q-divisor D on the surface X such that 3D ≡ −K X , but (X, D) is not log canonical. Then mult P (D) > 1 for a point P ∈ X. Then
where L is a general line on X ∼ = P 2 that passes through the point P .
The claim of Lemma 2.1 follows from [22] (see Example 1.7). The following result is proved in [6] .
Proof. Suppose that lct(X) < 1/2. There is an effective Q-divisor D on the surface X such that the singularities of the log pair (X, D) are not log canonical, but 2D ≡ −K X , which implies that there is a point P ∈ X such that mult
Let L 1 and L 2 be fibers of two different projections X → P 1 that contain P . Then
but the log pair (X, L 1 + L 2 ) is log canonical. It follows from Remark 2.2 that we may assume that the support of D does not contain
The assertion of Lemma 2.3 and Theorem 7.5 in [32] imply Theorem 3.10 in [10] .
Proof. Suppose that lct(X) < 1/3. There is an effective Q-divisor D on the surface X such that the singularities of the log pair (X, D) are not log canonical at a point P ∈ X, but
where L is the fiber of the natural projection X → P 1 that contains P , and C is the unique curve on the surface X such that C 2 = −1. The log pair (X, 2 3 C + L) is log canonical. It follows from Remark 2.2 that we may assume that the support of D does not contain either L, or C.
The equality L · D = 2/3 implies that the support of the divisor D does not contain C. Then
where Z is a general curve in |C + L| that passes through the point P .
Lemma 2.5. Suppose that K 2 X = 7. Then lct(X) = 1/3. Proof. Suppose that lct(X) < 1/3. Then there is an effective Q-divisor D on the surface X such that 3D ≡ −K X , but the log pair (X, D) is not log canonical at some point P ∈ X.
There is a birational morphism π : X → S such that π is an isomorphism in the neighborhood of the point P , and either S ∼ = F 1 , or S ∼ = P 1 × P 1 . Hence, the equivalence
is not log canonical at π(P ), which is impossible by Lemmas 2.3 and 2.4.
Proof. Suppose that lct(X) < 1/2. Then there is an effective Q-divisor D on the surface X such that 2D ≡ −K X , but the log pair (X, D) is not log canonical, which is impossible by Lemma 2.3, because there are plenty of birational morphisms X → P 1 × P 1 .
Lemma 2.7. Suppose that K 2 X = 4. Then lct(X) = 2/3. Proof. Suppose that lct(X) < 2/3. Then there is an effective Q-divisor
and a point P ∈ X such that (X, D) is not log canonical at P , where λ and a i are positive rational numbers, λ < 2/3 and C i is an irreducible curve on the surface X.
The surface X is an intersection of two quadrics in P 4 . Suppose that a k 1. Then
where H is a hyperplane section of X. So, the curve C k is either a conic, or a line. Then
where Z is an irreducible curve on the surface X such that Z + C k = R| X , where R is a general hyperplane section of the surface X that passes through the curve C k . We see that a i 1 for every i = 1, . . . , r. There is a birational morphism π : X → P 2 that is an isomorphism in a neighborhood of the point P . Then π(D) ≡ −λK P 2 , but the singularities of the log pair (P 2 , π(D)) are not log canonical at the point π(P ). Then
by the Nadel vanishing theorem (see Theorem 9.4.8 in [33] ), where J (π(D)) is the multiplier ideal sheaf of the log pair (P 2 , π(D)). Now the exact sequence
implies a contradiction, where L is the subscheme of P 2 that corresponds to J (π(D)).
It follows from Lemmas 2.1, 2.3, 2.4, 2.5, 2.6, 2.7 that lct(X) = lct
3. Cubic surfaces.
Let X be a smooth cubic surface in P 3 . Then lct 1 X = 2/3 when X is a cubic in P 3 with an Eckardt point, 3/4 when X is a cubic in P 3 without Eckardt points.
Lemma 3.1. Suppose that X has an Eckardt point. Then lct(X) = 2/3.
Proof. Arguing as in the proof of Lemma 2.7 we see that lct(X) = 2/3. Suppose that X does not have Eckardt points, but lct(X) < 3/4. Then we can find an effective divisor D on the surface X such that D ≡ −K X , but the log pair (X, 4 D) are log canonical outside of finitely many points of the surface X due to Theorem 2 in [42] . The required assertion follows from the fact that
by the Nadel vanishing theorem, where J ( The following observation is due to [46] .
Remark 3.4. Let B be an effective Q-divisor on a surface S such that • the log pair (S, B) is not log canonical at a smooth point O of the surface X, • the log pair (S, B) is log canonical in a punctured neighborhood of the point O, but mult O (B) 2. Let π :S → S be a blow up of the point O. Then
where E is the exceptional curve of the birational morphism π, andB is the proper transform of the divisor B on the surfaceS. Then there is a pointŌ ∈ E such that the log pair
is not log canonical at the pointŌ. In particular, the inequality
Let T be the hyperplane section of the surface X that is singular at P . Then T is reduced.
Lemma 3.5. The curve T is reducible.
Proof. Suppose that the curve T is irreducible. Then there is no line on the surface X that passes through the point P . Let π : U → X be a blow up of the point P . Then there is a double cover
branched over a quartic curve. Let τ be the biregular involution 10 of U induced by ψ. Then
where E is the π-exceptional curve. On the other hand, we havē
whereD is the proper transform of the divisor D on the surface U . Then
whereH is a general curve in |π * (−2K X ) − 3E|. Thus, there is a point Q ∈ E such that mult Q D > 8/3 − mult P D due to Remark 3.4, because the inequality mult P (D) 2 holds. We may assume that the support of D does not contain T due to Remark 2.2. Then
which implies that Q ∈T , whereT is the proper transform of the curve T on U . We have τ (T ) = E. Let H be the hyperplane section of the cubic surface X that is singular at the point π • τ (Q) ∈ T . Then P ∈ H, because T is smooth outside of the point P .
LetH be the proper transform of H on U . PutR = τ (H) and R = π(R). Then
but the curveR must be singular at the point Q.
Suppose that the curve R is irreducible. Then we have 5 = mult P R + mult Q R < 16/3, which implies that the log pair (X, 3 8 R) is log canonical. Therefore, we may assume that the support of the divisor D does not contain the curve R due to Remark 2.2. Then
which implies that mult P (D) < 2/3, which is impossible, because mult P (D) > 4/3. 10 The involution π • τ • π −1 ∈ Bir(X) is a Geiser involution of the cubic surface X.
The curves R and H are reducible. So, there is a line L ⊂ X such that P ∈ L and π•τ (Q) ∈ L. LetL be the proper transform of L on U . ThenL · E = 0 and
but τ preserves the intersection form on the surface X. Hence, we havē
. We have Q ∈Z by construction. Then
in the case whenZ ⊆ Supp(D). Hence, the support ofD must containZ. Put Z = π(Z). Then Z is a conic that contains P . Let F be a line on the surface X such that the curve F + Z is cut out by a hyperplane passing through Z. Then P ∈ F . Put
where ǫ is a positive rational number, and Υ is an effective Q-divisor whose support does not contain the conic Z. We may assume that Supp(Υ) does not contain F due to Remark 2.2. Then
which implies that ǫ 1/2. Hence, the log pair
is not log canonical at Q. Thus, it follows from Theorem 7.5 in [32] that the log pair
is not log canonical at the point Q. Hence, we have
which implies that ǫ > 2/3, but ǫ 1/2.
Therefore, there is a line
where C is an irreducible conic that passes through the point P . Let π : U → X be a blow up of the surface X at the point P , andL 1 andC be the proper transforms of the curves L 1 and C on the surface U , respectively. Then
but the divisor −K U is nef and big. There is a commutative diagram
where ζ is the contraction of the curveL 1 to an ordinary double point, ψ is a double cover branched over a quartic curve, and ρ is the projection from the point P .
Let τ be the biregular involution of U induced by ψ. Then
where E is the π-exceptional curve. We have τ (E) =C, but
We may assume that the support of D does not contain either L 1 or C. We havē
which implies that the support of the divisor D does not contain the conic C. Put
where m is a positive rational number, and Ω is an effective Q-divisor whose support does not contain the line L 1 . Then
whereΩ is the proper transform of Ω on U . We have
which implies that m < 2/3. The equality mult P (D) = mult P (Ω) + m holds. The inequalityC ·D 0 implies that mult P (D) 2. Hence, the equivalence
implies the existence of a point Q ∈ E such that the log pair
is not log canonical at the point Q. Hence, it follows from Remark 3.4 that
Suppose that Q ∈L 1 . It follows from m < 2/3 and Theorem 7.5 in [32] that
which implies that m > 5/6, but m < 2/3. Hence, we see that Q ∈L 1 . Suppose that Q ∈C. Then it follows from the inequality 3.7 that
which implies that m < 0. Hence, we see that Q ∈C.
We have τ (E) =C. Let H be the hyperplane section of the cubic surface X that is singular at the point π • τ (Q) ∈ C. Then P ∈ H, because C is smooth.
but the curveR is singular at the point Q by construction. Suppose that the curve R is irreducible. Then R + L 1 ≡ −2K X , but the log pair
is log canonical. In particular, we may assume that the support of the divisor D does not contain the curve R due to Remark 2.2. Then it follows from the inequality 3.7 that
LetL be the proper transform of the line L on the surface U . Then
Suppose that the support ofΩ does not containZ. Then the inequality 3.7 implies that
which is impossible. Thus, the support ofΩ must contain the curveZ. Put Z = π(Z). Then Z is a conic that passes through the point P . Let F be a line on X such that the curve F + Z is cut out by a hyperplane passing through Z. Then P ∈ F . Put
where ǫ is a positive rational number, and Υ is an effective Q-divisor on the surface X such that the support of the divisor Υ does not contain the curves Z and L 1 .
We may assume that Supp(Υ) does not contain F , because F +Z ≡ −K X , but the singularities of the log pair (Z,
which implies that ǫ 1/2, butZ ∩L 1 = ∅. It follows from Theorem 7.5 in [32] that
is not log canonical at Q, whereῩ is a proper transform of Υ on the surface U . Then
which implies that ǫ > 2/3, which is impossible, because ǫ 1/2.
Let π : U → X be a blow up of P , andL i be the proper transform of L i on U . Then
, where E is the π-exceptional curve. There is a commutative diagram
where ζ is the contraction of the curvesL 1 andL 2 to ordinary double points, ψ is a double cover branched over a quartic curve, and ρ is the projection from the point P .
whereD is the proper transform of D on U . Then mult P (D) > 4/3. We may assume that the support of D does not contain one of the lines
which implies that the support of the divisor D does not contain the line
where m i is a positive rational number, and Ω is an effective Q-divisor on the surface X such that the support of the divisor Ω does not contain the lines
Lemma 3.9. The inequality m 1 + m 2 1 holds.
LetΩ be the proper transform of Ω on U . Then
where m 1 + m 2 + mult P (Ω) = mult P (D). Thus, we have
which implies that m 1 + m 2 + mult P (Ω) 2 by Lemma 3.9. Thus, the log pair
is not log canonical at some point Q ∈ E. It follows from Remark 3.4 that
Lemma 3.11. The curvesL 1 andL 2 do not contain the point Q.
Proof. We may assume that Q ∈L 1 to prove that Q ∈L 1 ∪L 2 . Then the log pair
is not log canonical at Q as well. It follows from Theorem 7.5 in [32] that the log pair
is not log canonical at the point Q, whereL 1 ∼ = P 1 . Hence, we have
which implies that m 2 > 5/6. On the other hand, we have
which implies that m 2 > 1/6 and m 1 + m 2 > 1, which is impossible by Lemma 3.9.
Therefore, the point π
Lemma 3.12. The line L 3 is the only line on X that passes through the point π • τ (Q).
whereL is the proper transform of the line L on the surface U . The involution τ preserves the intersection form. PutZ = τ (L) and Z = π(Z). Then
which implies that the curve π(Z) is a conic passing through the point P .
Suppose that the support of Ω does not contain the conic Z. Then
which is impossible. Thus, the support of the divisor Ω contains the curve Z. Put
where ǫ is a positive rational number, and Υ is an effective Q-divisor on the surface X such that the support of the divisor Υ does not contain the curve Z, L 1 , L 2 . Let F be a line on the surface X such that the curve F + Z is cut out by a hyperplane that passes through the curve Z. We may assume that the support of Υ does not contain F . Then
which implies that ǫ 1/2, but Q ∈L 1 and Q ∈L 2 by Lemma 3.11. Thus, the log pair
is not log canonical at Q, whereῩ is a proper transform of Υ on the surface U . The log pair
is not log canonical at the point Q as well by Theorem 7.5 in [32] . Hence, we have
which implies that 1/2 ǫ > 2/3, becauseL 1 ·Z =L 2 ·Z = 0.
Let C be an irreducible conic on the surface X such that the curve C + L 3 is cut out on the cubic surface X by the hyperplane that is tangent to X at the point π • τ (Q). Then
LetC be the proper transform of C on the cubic surface U . PutZ = τ (C) and Z = π(Z). ThenZ · E = 2,Z ·L 1 =Z ·L 2 = 0, and
which implies that Z is a quartic curve, which is singular at the point P .
Lemma 3.13. The support of the divisor D contains Z.
Proof. Suppose that the support of the divisor D does not contain Z. Then
where ǫ is a positive rational number, and Υ is an effective Q-divisor whose support does not contain the curves Z, L 1 , L 2 . Then we have
which implies that ǫ 1/2. Therefore, the log pair
is not log canonical at the point Q, because but Q ∈L 1 ∪L 2 by Lemma 3.11. Then
is not log canonical at the point Q by Theorem 7.5 in [32] . Hence, we have
which implies that mult P (D) < 4/3, which is impossible, because mult P (D) > 4/3. The obtained contradiction completes the proof of Lemma 3.2. Lemma 4.1. Suppose that K 2 X = 1. Then lct(X) = lct 1 (X). Proof. Suppose that lct(X) < lct 1 (X). Then there is an effective Q-divisor D on X such that the log pair (X, D) is not log canonical at some point P ∈ X, but D ≡ −K X .
Let C be a curve in | − K X | such that P ∈ C. Then the curve C is irreducible, and we may assume that the support of the divisor D does not contain the curve C by Remark 2.2. Then
which is a contradiction.
Then lct(X) = lct 1 (X). Proof. It is well known (see [13] ) that there is a double cover ψ : X → P 2 that is branched over a smooth quartic curve C. Suppose there is an effective Q-divisor D on the surface X such that
is not log canonical at some point P ∈ X, but the equivalence D ≡ −K X holds.
Suppose that
is a line that is tangent to the quartic curve C at ψ(P ). Then L consists of at most two components, and we may assume that the support of the divisor D does not contain at least one component of L. Then
where m is a non-negative rational number, and Ω is an effective Q-divisor whose support does not contain the curve L 1 . Then
which implies a contradiction. So, the point ψ(P ) is not contained in the curve C, which implies that the log pair (X, lct 1 (X)D) is log canonical outside of finitely many points.
Let π : U → X be a blow up of the point P . Then
where E is the exceptional curve of the birational morphism π, andD is the proper transform of the divisor D on the surface U . Then mult P (D) 2, because
whereH is a general curve in |π * (−K X ) − E|. The inequality mult P (D) 2 and the equivalence
imply the existence of a point Q ∈ E such that the log pair
.
There
Suppose that Z is irreducible. We may assume Z ⊂ Supp(D). Hence, we have
− mult P D which implies that lct 1 (X) > 1, which is a contradiction. Thus, we have Z = Z 1 + Z 2 , where Z 1 and Z 1 are irreducible smooth rational curves such that Z 1 · Z 2 = 2 and Z 2 1 = Z 2 2 = −1. We may assume that P ∈ Z 1 and P ∈ Z 2 . We may assume that the support of D does not contain either Z 1 or Z 2 , but
which implies that that the support of the divisor D must contain the curve Z 1 . Put
wherem is a non-negative rational number, and Υ is an effective Q-divisor whose support does not contain the curve Z 1 . Thenm 1/2, because 2m 2m + Υ · Z 2 = D · Z 2 = 1, but Q ∈Z 1 , whereZ it the proper transform of Z 1 on U . Thus, we have
is not log canonical at Q, whereῩ is the proper transform of Υ on U . Then
is not log canonical at Q by Theorem 7.5 in [32] . Hence, we have
which implies thatm > 1/2, which is a contradiction.
The assertion of Theorem 1.11 is completely proved.
Singular surfaces.
Let X be a del Pezzo surface with Du Val singularities such that K 2 X = 1, and singularities of the surface X consist of points of type A 1 or A 2 . There is a double cover (see [13] )
where S is a quadric cone, whose vertex is the image of the base point of | − K X |.
Lemma 5.1. The equality lct(X) = lct 1 (X) holds.
Proof. Put λ = lct(X). Suppose that λ < lct 1 (X). Then there is an effective Q-divisor D on the surface X such that the log pair (X, λD) is not log terminal and
by the Nadel vanishing theorem (see Theorem 9.4.8 in [33] ), where J (λD) is the multiplier ideal sheaf of the log pair (X, λD), and L is the corresponding subscheme of X. Suppose that L is not zero-dimensional. Then there is an irreducible C such that
where m 1/λ > 1 is a positive rational number, and Ω is an effective Q-divisor whose support does not contain the curve C. Then
where H is a general curve in the pencil | − K X |. We see that L is zero-dimensional. Therefore, it follows from the exact sequence 5.2 that there is a point P ∈ X such that (X, λD) is log terminal outside of the point P .
Let Z be the curve in | − K X | such that P ∈ Z. Arguing as in the proof of Lemma 4.1, we see that we may assume that X is singular at P , and the support of the divisor D does not contain the curve Z, because Z is irreducible.
Suppose that P is an ordinary double point. Let π : U → X be a blow up of P . Then
whereD andZ are proper transforms of D and Z on the surface U , respectively, E is the exceptional curve of π, and a is a positive rational number. We have 1 − 2a =Z ·D 0, which implies that a 1/2. Hence, the equivalence
implies the existence of a point Q ∈ E such that the log pair (U, λD + λaE) is not log terminal at the point Q. Hence, the log pair (U, λD + E) is not log terminal at Q as well. Then
because the log pair (E, λD| E ) is not log terminal at the point Q by Theorem 7.5 in [32] . We see that the point P is of type A 2 . There is a birational morphism ζ : W → X that contracts two irreducible curves E 1 and E 2 to the point P such that ξ induces an isomorphism
and W is smooth along E 1 and E 2 . Then E 2 1 = E 2 2 = −2 and
whereD andZ are proper transforms of the divisors D and Z on the surface W , respectively, and a i is a non-negative rational number. The inequalitiesZ ·D 0, E 1 ·D 0, E 1 ·D 0 imply that
respectively. Thus, we see that a 1 2/3 and a 2 2/3. Now the equivalence
implies the existence of a point O ∈ E 1 ∪ E 2 such that the log pair
is not log terminal at the point O. We may assume that O ∈ E 1 . Suppose that O ∈ E 2 . Then (W, λD + E 1 ) is not log terminal at the point Q, which implies that the log pair (E 1 , λD| E 1 ) is not log terminal at Q by Theorem 7.5 in [32] . Hence, we have
which implies that a 1 > 2/3, because 2a 2 a 1 . However, we have a 1 2/3.
Thus, we see that O = E 1 ∩ E 2 . Then the log pairs W, λD + E 1 + λa 2 E 2 and W, λD
are not log terminal at the point Q. Now it follows from Theorem 7.5 in [32] that
which implies that a 1 > 1/2 and a 2 > 1/2, which is impossible, because a 1 + a 2 1.
The assertion of Theorem 1.21 follows from Lemma 5.1 due to [40] .
6. Quintic del Pezzo surface.
Let X be a smooth del Pezzo surface. Then it follows from the proof of Theorem 1.11 that
in the case when X is general in moduli.
Lemma 6.1. Suppose that K 2 X = 4. It is well known 12 that X can be given by the equations
where λ i ∈ C. Thus, there is a natural subgroup Z 4 2 ⊂ Aut(X). Then lct(X, Z 4 2 ) = 1.
is ample, but the log pair (X, D) is not log canonical. Then
by the Nadel vanishing theorem (see Theorem 9.4.8 in [33] ), where J (D) is the multiplier ideal sheaf of the log pair (X, D). However, the group G acts on the surface X without fixed points, which implies that the ideal sheaf J (D) is not zero-dimensional.
There is an G-invariant reduced curve C on the surface X such that
where λ 1, and Ω is an effective one-cycle on the surface X, whose support does not contain components of the curve C. Let H be a hyperplane section of X ⊂ P 4 . Then
which implies that deg(C) 3. The inequality deg(C) 3 is impossible, because the G-invariant subgroup of the group Pic(X) is generated by the divisor H.
Suppose that K 2 X = 5. Then X is embedded in P 5 by the linear system |−K X |, and X contains exactly 10 lines, which we denote as L 1 , . . . , L 10 . Put G = Aut(X). Then the divisor
is G-invariant, which implies that lct(X, G) 2. It is well known that G ∼ = S 5 (see [15] ).
The surface X can be obtained as a blow up π : X → P 2 of the four points
of the plane P 2 . Let C ij be the proper transform on the surface X of the line that passes through the points P i and P j for i = j, and E i be the π-exceptional curve that maps to P i . Then
Let W be the curve in P 2 that is given by the equation
and Z ∼ −2K X be its proper transform on X. Then Z is G-invariant (see [16] , [17] , [25] ). 12 See Lemma 6.5 in [15] . We have Aut(X) ∼ = Z 4 2 in the case when X is general in moduli (see [20] ). 13 The curve W is the so-called Wiman sextic (see [57] ).
Let P be the pencil generated by the curves Z and 10 i=1 L i . The pencil P is A 5 -invariant, and there are exactly 5 singular curves in P, which can be described in the following way:
• the curve
• two irreducible rational curves R 1 and R 2 that have 6 nodes; • two fibers F 1 and F 2 each consisting of 5 smooth rational curves.
The representation induced by the action of the group A 5 on the linear system | − K X | splits into a sum of two irreducible three-dimensional representations (see [48] ), where A 5 acts as a group of symmetries of complex icosahedron. Therefore, there are two A 5 -invariant projections φ : X P 2 and ψ : X P 2 , which are in fact morphisms of degree 5 due to [48] . The smallest orbit of the action of A 5 on the plane P 2 consists of exactly 6 points (see [30] ), which are the images of the singular points of the curves R 1 and R 2 .
Corollary 6.3. The surface X does not contain G-orbits consisting of at most 6 points 14 .
Now we conclude the proof of Theorem 1.14 by proving the following result.
Lemma 6.4. The equality lct(X, G) = 2 holds.
Proof. Suppose that lct(X, G) < 2. The there is an effective G-invariant Q-divisor D such that the divisor −(2K X + D) is ample, but the log pair (X, D) is not log canonical. Then (6.5)
by the Nadel vanishing theorem, where J (D) is the multiplier ideal sheaf. Let L(X, D) be the subscheme of the surface X that corresponds to the multiplier ideal sheaf
is not zero-dimensional, because otherwise its support must consist of at most 6 points by vanishing 6.5.
Thus, there is a G-invariant reduced curve C on the surface X such that
where λ 1, and Ω is an effective one-cycle on the surface X, whose support does not contain any component of the curve C. Then C ∼ mH, where m is a natural number, and H is a hyperplane section of the surface X ⊂ P 5 , because the G-invariant subgroup of the group Pic(X) is generated by the divisor H. Therefore, we have
which implies that m = 1. The equality m = 1 is impossible, because the representation induced by the action of the group G on the linear system | − K X | is irreducible (see [49] ).
It follows from Lemma 6.4 that 2 lct(X, A 5 ), where A 5 ⊂ G.
Lemma 6.6. The equality lct(X, A 5 ) = 2 holds.
Proof. Suppose that lct(X, A 5 ) < 2. Then there is an effective A 5 -invariant Q-divisor D such that the equivalence D ≡ −K X holds, but the log pair (X, 2D) is not log canonical. We may assume that the support of D does not contain R 1 and R 2 due to Remark 2.2, because the log pairs (X, R 1 ) and (X, R 2 ) are log canonical.
Let L(X, 2D) be the A 5 -invariant subscheme of the surface X that corresponds to the multiplier ideal sheaf J (2D). Then arguing as in the proof of Lemma 6.4 we see that the support of the subscheme L(X, 2D) is either Sing(R 1 ) or Sing(R 2 ).
14 I.Dolgachev noticed that the assertion of Corollary 6.3 can be obtained in a simpler way. Let H be a stabilizer of a point P ∈ X such that the G-orbit of the point P consists of at most 6. Then H must be one of the following subgroups: G, S4, A5, or the subgroup consisting of 20 elements. However, none of these subgroups has a faithful two-dimensional linear representation in the tangent space of the point P , which is a contradiction.
We may assume that the support of the subscheme L(X, 2D) consists of the singular points of the curve R 1 . Denote them as O 1 , . . . , O 6 . Then
where E i is the exceptional curve of the morphism π such that π(E i ) = O i , andD is the proper transform of the divisor D on the surface U . Then the singularities of the log pair
are not log canonical at some point Q i ∈ E i . It follows from Remark 3.4 that
Let Σ be the A 5 -orbit of the point Q i . Then
because the stabilizer of the point O i acts faithfully on the tangent space of O i . We have
. Thus, we see that the set Σ consists of the points
LetR 1 be the proper transform of the curve R 1 on the surface U . Then
because the orbit of length 2 of the action on E i of the stabilizer of O i is unique. We have
We conclude this section by proving the following result.
Lemma 6.8. The equality lct(X, Z 5 ) = 4/5 holds, where
Proof. The group Z 5 fixes exactly two points O 1 and O 2 of the surfaces X, which are singular points of the curves R 1 and R 2 , respectively. There are five conics Z 1 , . . . , Z 5 on X that passes through the point O 1 , which are permuted by the action of Z 5 . Thus, the divisor
is Z 5 -invariant, which implies that lct(X, Z 5 ) 4/5. Suppose that lct(X, Z 5 ) < 4/5. There is is an effective Z 5 -invariant Q-divisor D such that the equivalence D ≡ −K X holds, but the log pair (X, 
where E is the π-exceptional divisor, andD is the proper transform of D on U . Then
is not log canonical at some point Q ∈ E, because mult O 1 (D) < 5/2. Hence, we have
due to Remark 3.4. The point Q must be Z 5 -invariant, because otherwise we have
which is impossible, because mult O 1 (D) 2. LetZ i be the proper transform of the conic Z i on the surface U . Then Q ∈ ∪ 5 i=1Z i , and there is a birational morphism φ : U → P 2 that contracts the curvesZ 1 , . . . ,Z 5 .
The curve φ(E) is a conic that contains φ(Z 1 ), . . . , φ(Z 5 ). Let T i be the proper transform on the surface U of the line in P 2 that passes through the points φ(Q) and φ(Z i ). Then
because π(T i ) is a smooth rational cubic curve. The log pair X, 4 15
has log terminal singularities. Thus, we may assume that the support of the divisorD does not contain any of the curves T 1 , · · · , T 5 due to Remark 2.2. Therefore, we have
Let ξ : V → U be a blow up of the point Q, and F be the ξ-exceptional divisor. Then
whereD andÈ are proper transforms of D and E on the surface V , respectively. Then
Therefore, the log pair
is not log canonical at some point P ∈ F . Suppose that P ∈È. LetT be the proper transform on V of the line on P 2 that is tangent to the conic φ(E) at the point φ(Q). Then P ∈T , which implies that
because we may assume that the support of the divisorD does not contain the curveT , because the log pair (X, LetT i be the proper transform of T i on V . Suppose that P ∈T k . Then
which leads to a contradiction. Thus, we see that P ∈ ∪ 5 i=1T i . Let M be an irreducible curve on V such that P ∈ M , the curve φ • ξ(M ) is a line that passes through the point φ(Q). Then π • ξ(M ) has an ordinary double point at O 1 , but
Then there is a Z 5 -invariant curveM on V such that eitherM = M , or the curveM consists of exactly five irreducible components, one of which is the curve M . Then
is log canonical, where m is the number of irreducible components ofM . Thus, we may assume that the support of the divisorD does not contain the curve M . We have
It would be interesting to find lct(X, Γ) for every subgroup Γ ⊂ S 5 .
Direct products
Let X is a Fano variety such that X has terminal Q-factorial singularities, and G be a finite subgroup in Aut(X) such that the G-invariant subgroup of the group Pic(X) is Z.
Definition 7.1. The Fano variety X is G-birationally superrigid 15 if for every G-invariant linear system M on the variety X that does not have fixed components the singularities of the movable log pair (X, M) are canonical, where λ ∈ Q such that K X + λM ≡ 0.
It is known (see [9] , [44] , [7] ) that G-birational rigidity of X implies that
• there is no G-equivariant birational map ρ : X P n , • there is no dominant G-equivariant map ρ : X Y such that sufficiently general fiber of the rational map ρ is rationally connected and dim(Y ) 1, • there is no non-biregular G-equivariant birational map ρ : X Y such that Y has terminal Q-factorial singularities, and the G-invariant subgroup of the group Pic(Y ) is Z.
Lemma 7.2. Let X be the cubic surface in P 3 given by the equation
and G = Aut(X). Then X is G-birationally superrigid and lct(X, G) = 4.
Proof. Every G-orbit of the surface X contains at least 18 points, and the G-invariant subgroup of the group Pic(X) is generated by the divisor −K X , where G ∼ = Z 3 3 ⋊ S 4 , which implies that the surface X is G-birationally superrigid (see [36] , [15] ).
Let R be a curve on the surface X that is cut out by xyzt = 0. Then the curve R is G-invariant, which implies that lct(X, G) 4. Thus, we may assume that lct(X, G) < 4.
There is an effective G-invariant Q-divisor D on the cubic surface X such that D ≡ −K X , but the log pair (X, 4D) is not log canonical. Then
by the Nadel vanishing theorem (see Theorem 9.4.8 in [33] ), where J ((4 − ǫ)D) is the multiplier ideal sheaf of the log pair (X, (4 − ǫ)D), and ǫ ≪ 1 is a positive rational number. Let L be the subscheme corresponding to J ((4 − ǫ)D). Then either L is not zero-dimensional, or the support of the subscheme L consists of exactly 18 points due to the vanishing 7.3, because every G-orbit containing at most 20 points must consist of 18 points.
Suppose that L is not zero-dimensional. Then there is a G-invariant curve C such that D = λC + Ω, 15 There are several definitions of birational superrigidity (see [44] , [10] , [7] , [15] ).
where λ > 1/4, and Ω is an effective one-cycle, whose support does not contain any component of the curve C. Then C ∼ −mK X , where m is a natural number. We have
which implies that m 3, which is impossible, because the linear system | − mK X | does not contain one-dimensional G-invariant subspaces for m 3.
Therefore, the support of the subscheme L consists of 18 points, which implies that the support of the subscheme L consists of all Eckardt points O 1 , . . . , O 18 of the surface X.
We may assume that the support of D does not contain R due to Remark 2.2. Then
where E i is the exceptional curve of the morphism π such that π(E i ) = O i , andD is the proper transform of the divisor D on the surface U . Then mult
Let Σ be the G-orbit of the point Q i . Then Σ ∩ E i = Q i , because the representation induced by the action of the stabilizer of O i on its tangent space is irreducible. We have Proof. We have G ∼ = S 5 due to [21] . The surface X is isomorphic to the surface
where the action of the group S 5 is induced by its standard 5-dimensional representation. Every A 5 -orbit of X contains at least 5 points (cf. Corollary 6.3), but the A 5 -invariant subgroup of the group Pic(X) is Z, which implies that X is A 5 -birationally superrigid (see [36] , [15] ).
The curve that is cut out on X by the equation
but the proof of Lemma 6.4 implies that lct(X, A 5 ) 2.
Lemma 7.5. In the assumptions of Lemma 6.4, the surface X is A 5 -birationally superrigid.
Proof. Suppose that there is a A 5 -invariant linear system M on the surface X that does not have fixed components, but the log pair (X, λM) is not canonical, where λ is a rational number such that K X + λM ≡ 0. Then there is a A 5 -invariant subset Σ ⊂ X such that
for every point P ∈ Σ. Let M 1 and M 2 be general curves in M. Then
because Σ contains at least 6 points (see the proof of Lemma 6.6).
We say that X is birationally superrigid if it is G-birationally superrigid and G is trivial.
Example 7.6. Every smooth quartic threefold in P 4 is birationally superrigid (see [26] ).
Example 7.7. Let X a Fano variety of Examples 1.5, 1.6 and 1.8 such that X is sufficiently general in moduli. Then X is birationally superrigid (see [41] , [43] , [45] ).
Let X i be a smooth G-birationally superrigid Fano variety, and G ⊂ Aut(X i ) be a finite subgroup such that the G-invariant subgroup of the group Pic(X i ) is Z, where i = 1, . . . , r.
Theorem 7.8. Suppose that lct(X i , G) 1 for every i = 1, . . . , r. Then
• every G-equivariant birational automorphism of X 1 × · · · × X r is biregular;
• for every G-equivariant dominant map
whose general fiber is rationally connected, there a commutative diagram
where ξ is a birational map, π is a natural projection, and {i 1 , . . . , i k } ⊆ {1, . . . , r}.
Proof. The required assertion follows from the proof of Theorem 1 in [46] .
The proof of Theorem 7.8 and [31] imply the following corollary. • Υ ⊂ Bir(P 4 ) is induced by the natural diagonal action on the variety X × X,
• Ω ⊂ Bir(P 4 ) is induced by the natural diagonal action on the variety V × V , • Λ ⊂ Bir(P 4 ) is induced by the natural diagonal action on the variety X × V , where X and V are smooth cubic surface given by the equation 1.16 and smooth del Pezzo surface of degree 5, respectively. Then
• every two subgroups among Υ, Ω, Λ are not conjugated to each other, • every subgroup Υ, Ω, Λ is not conjugated to a subgroup of Aut(P 4 ).
The assertion of Lemma 7.2 and the proof of Theorem 7.8 imply the following example.
Example 7.11. Let X and V be Fermat cubic and quintic in P 3 and P 5 , respectively. Put Ω = Aut X ∼ = Z It would be interesting to find lct(P 2 , Γ) for every finite subgroup Γ ⊂ Aut(P 2 ).
Klein and Valentiner groups.
Let X is a smooth del Pezzo surface, G be a finite subgroup in Aut(X) such that the G-invariant subgroup of the group Pic(X) is generated by a Cartier divisor H, and
• let r be the biggest natural number such that −K X ∼ rH, • let k be the smallest natural number such that k = |Σ|, where Σ ⊂ X is a G-orbit,
• let m be the smallest natural number such that there is a G-invariant divisor in |H|.
Remark 8.1. It follows from Definition 1.1 that lct(X, G) m/r.
The proof of Lemma 6.4 implies the following result. Proof. Put λ = lct(X, G) and suppose that λ < m/r. Then there is an effective Q-divisor D on the surface X such that the log pair (X, λD) is not log terminal and D ≡ −K X . The sequence
is exact by the Nadel vanishing theorem (see Theorem 9.4.8 in [33] ), where J (λD) is the multiplier ideal sheaf of the log pair (X, λD), and L is the corresponding subscheme of X. Suppose that L is zero-dimensional. Then the exact sequence 8.3 implies that
because the subscheme L is G-invariant. Thus, there is a G-invariant reduced curve C on the surface X such that λD = µC + Ω, where µ 1, and Ω is an effective one-cycle on the surface X, whose support does not contain any component of the curve C. Then C ∼ lH for some natural number l. We have l m, but m > λr µl l m, because the G-invariant subgroup of the group Pic(X) is generated by the divisor H.
The assertion of Lemma 8.2 implies the following result.
Lemma 8.4. Suppose that K 2 X = 6 and k = 1. Then lct(X, G) = 1. Proof. The surface X has 6 irreducible curves E 1 , . . . , E 6 such that E 2 i = −1. Then
Then lct(X, G) = 1 by Lemma 8.2. The proof of Lemma 7.5 implies the following result.
Lemma 8.5. Suppose that k K 2 X . Then X is G-birationally superrigid. Proof. Suppose that the surface X is not G-birationally superrigid. Then there is a G-invariant linear system M on the surface X such that M does not have fixed curves, but the singularities of the log pair (X, λM) are not canonical at some point O ∈ X, where λ is a rational number such that K X + λM ≡ 0. Let Σ be the G-orbit of the point O. Then mult P M > 1/λ, for every point P ∈ Σ. Let M 1 and M 2 be general curves in M. Then
Let us apply Lemmas 8.2 and 8.5. Put X = P 2 . Then r = 3. Let G be one of the following primitive (see [15] ) finite subgroups of Aut(P 2 ) ∼ = PGL(3, C):
• the icosahedron group A 5 , which leaves invariant a smooth conic,
• the Klein group of order 168 isomorphic to the group PGL(2, F 7 ), which can be realized as a group of automorphisms of the quartic curve given by the equation It is well known (see [30] , [11] ) that Corollary 8.6. The equalities lct(X, A 5 ) = 2/3, lct(X, PGL(2, F 7 )) = 4/3, lct(X, A 6 ) = 2 hold.
In particular, the assertion of Theorem 7.9 implies the following example.
Example 8.7. The group A 6 acts diagonally on P 2 × P 2 , which induces an embeding
while the standard five-dimensional representation of A 6 induces an embedding
but the subgroups Ω and Γ are not conjugated in Bir(P 4 ).
A similar example can be constructed for the group PGL(2, F 7 ).
